We discuss how a cosmological magnetic field could affect the expansion of the universe, through its interaction with the spacetime geometry. The most interesting kinematic implication of the magneto-curvature coupling is its tendency to accelerate positively curved regions and decelerate those with negative curvature. Depending on the equation of state of the matter, the effect varies from mimicking that of a positive cosmological constant to resembling a time-decaying quintessence. Moreover, the coupling between magnetism and geometry means that even weak fields can have a significant impact, provided that the curvature contribution is strong. We employ a simple cosmological model to illustrate these effects and examine the conditions necessary for them to have a appreciable impact. PACS number(s): 98.80. Hw, 04.40.Nr, 95.30.Qd, 98.62.En 
Introduction
Recent observations have revealed the widespread existence of magnetic fields in the universe and have produced much firmer estimates of their strengths in interstellar and intergalactic space. Magnetic fields appear to be a common property of the intracluster medium of galaxy clusters, extending well beyond the core regions [1] . Strengths of ordered magnetic fields in the intracluster medium of cooling-flow clusters exceed those typically associated with the interstellar medium of the Milky Way, suggesting that galaxy formation and even cluster dynamics are, at least in some cases, influenced by magnetic forces. Furthermore, reports of Faraday rotation associated with high redshift Lyman-α absorption systems seem to imply that dynamically significant magnetic fields may be present in condensations at high redshift [2] . In summary, the more we look for extragalactic magnetic fields, the more ubiquitous we find them to be.
The origin of cosmic magnetism remains a mystery and is still a matter of debate. Over the years, a number of possible solutions has been proposed, ranging from cosmological phasetransitions to inflationary and superstring inspired scenarios [3] . Historically, studies of magnetogenesis were motivated by the need to explain the origin of large-scale galactic fields. Typical spiral galaxies have magnetic fields of the order of a few µG coherent over the plane of their disc. Such fields could arise from a relatively large primordial seed field, adiabatically amplified by the collapse of the protogalaxy, or by a much weaker one that has been strengthened by the galactic dynamo. Provided that this mechanism is efficient, the seed can be as low as ∼ 10 −23 G at present. However, in the absence of nonlinear dynamo amplification, seeds of the order of 10 −12 G or even 10 −8 G are required [4] .
Magnetic fields introduce new ingredients into the standard, but nevertheless uncertain, picture of the early universe. A fundamental and unique property of magnetic fields is their vectorial nature, which inevitably couples the field to the spacetime geometry via the Ricci identity (see Eq. (4)). An additional, also unique, characteristic is the tension (i.e. the negative pressure) exerted along the field's lines of force. This means that every small magnetic flux tube behaves like an infinitely elastic rubber band [5] . Intuitively, what the magneto-curvature coupling does, is to inject these elastic properties of the field into space itself. The implications of such an interaction are kinematical as well as dynamical and also quite unexpected. Kinematically speaking, the magneto-curvature effect tends to accelerate positively curved perturbed regions, while it decelerates regions with negative local curvature [6] . Dynamically, the most important magneto-curvature effect is that it can reverse the pure magnetic effect on density perturbations. To be precise, in the absence of curvature, the field is found to slow down the growth of density gradients [6] . However, when curvature is taken into account, the inhibiting magnetic effect is reduced and, in the case of 'maximum' spatial curvature contribution, even reversed [7] .
Here, we focus solely upon the kinematics and provide an example of how a cosmological magnetic field can modify, through its coupling to geometry, the expansion rate of an almost-FRW universe. We assume a spacetime filled with a perfectly conducting barotropic fluid and permeated by a weak primordial magnetic field. The energy density and the anisotropic pressure of the field are treated as first-order perturbations upon the FRW background. The vectorial nature of the field results in a magneto-geometrical term in the Raychaudhuri equation, which depends on the curvature of the unperturbed model. The negative pressure, that is the tension, carried by the magnetic force-lines makes the implications of this term quite unique. Qualitatively speaking the effect depends on the curvature sign of the background spacelike sections. When the unperturbed universe is spatially open, the magneto-geometrical term simply adds to the decelerating effect of ordinary matter. For a spatially closed background, however, the magnetocurvature contribution tends to accelerate the expansion. Quantitatively, both effects depend on the relative strength of the field and on the type of matter that fills the universe. In particular, the magneto-geometrical term remains constant throughout an epoch of stiff matter domination. During this period the field acts as an effective (positive or negative) cosmological constant. As the universe progresses into the radiation and subsequently the dust era, the magneto-curvature term progressively decreases and the field mimics a time-decaying quintessence. Under normal circumstances these effects are weak, although subtle enough to make an open FRW universe look less open and a closed one look less closed. On the other hand, the magneto-curvature effect on the expansion can be dramatic, provided that the field or the curvature are strong. Thus, even weak magnetic fields can have a significant overall impact in a strongly curved universe. In this respect, a magnetic field could have unwanted kinematical implications for early-universe inflationary models (see Sec. 5) .
In what follows, we employ the covariant perturbation formalism [8, 9] (applied to magnetised cosmologies in [6, 7] ) to illustrate the kinematical implications of cosmological magnetic fields. The reader is referred to the aforementioned articles for further discussion and details.
Magneto-curvature effects on the expansion
We consider a perturbed, slightly inhomogeneous and anisotropic, FRW universe filled with a single perfectly conducting barotropic medium with energy density ρ. We also allow for a magnetic field (B a ), which is weak relative to the dominant matter component (i.e. B 2 = B a B a ≪ ρ). The magnetic field is assumed to be a test-field on the FRW background. The energy density (ρ mag = 1 2 B 2 ), the isotropic pressure (p mag = 1 6 B 2 ) and the anisotropic stresses (π ab = −B a B b ) 1 of the field will be treated as first-order perturbations. Note that the spatial hypersurfaces of the unperturbed model may be closed or open as well as flat. Thus, the zeroorder Friedmann equation is given by [9] 3k
where k = 0, ±1 is the curvature constant of the spatial hypersurfaces, ρ b is the background matter density, H =ȧ/a is the Hubble parameter (a is the scale factor) and Λ the cosmological constant.
In the background H = 1 3 Θ, where Θ describes the rate of the (volume) expansion and obeys Raychaudhuri's formula. In its non-linear form, the latter reads [6] 
where p is the fluid pressure, A a is the 4-acceleration and σ 2 , ω 2 are respectively the shear and vorticity magnitudes. Note that D a is the covariant derivative operator projected orthogonally to the fluid flow. The crucial magnetic effects propagate through the fluid acceleration, which satisfies the non linear Euler equation [6] 
where c 2 s is the sound speed of the barotropic fluid. Linearising the divergence D a A a and using the commutation law between the projected gradients of spacelike vectors, namely [6, 9] 
we can calculate the first-order magnetic contribution to Eq. (2) . Note that formula (4) is the source of the magneto-curvature coupling. It illustrates the vectorial nature of the field and leads inevitably to curvature-dependent terms every time the gradients of the magnetic vector commute. Here, it is written in its exact, fully non-linear, form. Thus, ω a and R abcd are respectively the vorticity vector and the 'spatial' Riemann tensor of the real spacetime. Expressed in terms of the deceleration parameter and given the weakness of the field, the linearised Raychaudhuri equation becomes
where q = −1 − 3Θ/Θ 2 is the deceleration parameter, w = p/ρ and c 2 a = B 2 /ρ is the Alfvén speed. In deriving Eq. (5) we have used the fact that D a B a = 0, and employed the zeroorder expressions R ab = 1 3 Rh ab and R = 6k/a 2 for the spatial Ricci tensor and Ricci scalar respectively (recall that R ab = R c acb ). Also, the scalars ∆ = (a 2 /ρ)D 2 ρ and B = (a 2 /B 2 )D 2 B 2 represent fluctuations in the matter and the magnetic energy densities respectively.
Clearly, the sign of the right-hand side of Eq. (5) determines the state of the expansion. Negative terms accelerate the universe, while positive ones slow the expansion down. Note the
They respectively describe what one might call 'magnetic-shear' and 'magnetic-vorticity' effects [10] . Interestingly, the impact these magnetically induced terms have on the expansion is opposite to that of their kinematic counterparts. Indeed, unlike the kinematic shear, the magnetic-shear term in Eq. (5) is negative and therefore tends to accelerate the universe. Also, the curl of the field vector causes further gravitational collapse, in direct contrast to the effects of ordinary kinematic vorticity. Both terms, however, are quadratic with respect to the field-vector gradients, which suggests that they only become important in highly inhomogeneous situations. On these grounds, we may ignore the magnetically induced shear and vorticity and rewrite Eq. (5) 
Locally, the first-order scalars ∆ and B are either positive or negative, depending on whether the perturbed region is respectively over-dense or under-dense. On average, however, one expects that ∆ = 0 = B. On the other hand, the mean ρ and c 2 a are always positive. As a result, the spatial average of Eq. (6) gives
withρ = −(1+w)Θρ and (c 2 a
3 ΘB 2 to first order. Thus, the coupling between the magnetic field and the background spatial curvature affects the average deceleration of a perturbed magnetised FRW universe. Qualitatively, the effect depends on the geometry of the spacelike hypersurfaces. In particular, when k = −1, the magneto-curvature term in Eq. (7) simply adds to the gravitational pull of the (ordinary) matter component. On the other hand, for a spatially closed background the magneto-curvature coupling tends to accelerate the expansion, thus opposing the matter effect. This rather unconventional behaviour is triggered by the field's tension, that is by the negative pressure experienced along the magnetic lines of force [6, 7] . In the k = +1 case the field will reverse the fluid effect on the expansion, if the magneto-geometrical term in Eq. (7) is stronger than the matter term in the same equation. This is possible when the magnetic field is strong or when the spatial regions are strongly curved. Note, however, that even a relatively weak magneto-curvature term can make a closed FRW universe look less closed and an open one look less open.
How important the above effects might be and what period in the lifetime of the universe they affect most, depends on the type of the matter that fills the universe. As we shall see next, for cosmological models with ordinary matter (i.e. 0 ≤ w ≤ 1), the most interesting magnetocurvature effects occur in a k = +1 model. On the other hand, when exotic matter dominates (e.g. −1 ≤ w ≤ − 1 3 ), the magneto-curvature coupling may be crucial if k = −1. This case also offers an example of how a relatively weak magnetic field can have an appreciable impact.
3 The magnetic field as an effective cosmological constant Equation (7) poses the interesting question as to whether the magneto-curvature term in the right hand side can mimic the effects of a cosmological constant. Since c 2 a ≡ B 2 /ρ, the answer is positive, provided that the matter component is of a particular kind. To be precise, the magnetogeometrical term in Eq. (7) becomes time-independent if c 2 a ∝ a 2 . Given that c 2 a ∝ a 3w−1 , this happens when w = 1. In other words, when stiff matter dominates the energy density of the universe, the magnetic field acts as an effective Λ-term through its coupling to the background curvature. This effective cosmological constant is positive when the unperturbed FRW universe has positively curved spatial hypersurfaces, and negative if k = −1. Next, we will focus upon the k = +1 case, which appears to be the most interesting one, since then the magnetic effects on the expansion oppose those of the matter.
Assuming that Λ = 0, we consider an early period of stiff matter domination with p = ρ and w = 1. Then, Eq. (7) becomes
where c 2 a ∝ a 2 since ρ ∝ a −6 . Thus, during a stiff matter era the magneto-curvature term above behaves as a positive cosmological constant, having effectively replaced Λ. Such a term leads to exponential expansion as long as it dominates the right-hand side of Eq. (8) . On using expression (1), Eq. (8) gives
where Ω ≡ ρ/ρ c and Ω b ≡ ρ b /ρ c are respectively the average and background density parameters for the stiff matter, with ρ c ≡ 3H 2 /8πG representing the background critical density. Note that for a weak magnetic field ρ ≃ ρ b on average, which in turn means that Ω ≃ Ω b . On these grounds we will no longer distinguish between Ω and Ω b , but use the two quantities interchangeably. Similarly, one may assume that Θ = 3H on average. According to Eq. (9), the expansion goes through an accelerated phase if
Hence, a marginally closed universe, with 0 < Ω − 1 ≪ 1, requires a very strong magnetic field (i.e. c 2 a ≫ 1) to accelerate. When Ω − 1 ∼ 1, however, a cosmological field with energy density comparable to that of the stiff matter could start a period of accelerated expansion.
One should keep in mind, of course, that as the magnetic field gets stronger, the almost-FRW treatment given here becomes less reliable. When discussing magnetic fields with energies near the energy of matter, one needs a mathematical model more accurate than the Friedmannian cosmologies. In this respect, condition (10) may be taken simply as indicative. Having said that, studies of perturbed magnetised Bianchi I models show that, qualitatively speaking, the magnetic effects on average scalars (such as Θ) remain very close to those predicted by the FRW treatments (see Eq. (68) in [7] ). Unfortunately, Bianchi I models are spatially flat and therefore cannot fully illustrate the subtle behaviour of curvature in a magnetised environment. Nevertheless, based on the results of [7] , we are tempted to argue that the magneto-curvature effects outlined here should remain essentially the same regardless of the background model's symmetries.
Note that as the stiff matter era proceeds, the field gets stronger relative to the matter component (recall that c 2 a ∝ a 2 ). At the same time (c 2 a /a 2 )/ρ ∝ a 6 , which means that the relative strength of the magneto-curvature term in Eq. (8) grows even faster. Thus, it is not necessary for the magneto-curvature term to dominate the right-hand side of Eq. (8) at the onset of the stiff matter era. This may happen later and it will always lead to accelerated expansion. In fact, using the stiff matter evolution law ρ = ρ 0 (1 + z) 6 , we find that the accelerated phase starts at approximate redshift
For convenience, we may assume that z 0 = 0 at the end of the stiff matter era rather than today. Accordingly, times within the stiff matter domain have positive redshift, while a negative z indicates later times. Here, z takes a positive value provided that
In other words, when condition (10) is satisfied at the end of the stiff matter epoch, there is a period of accelerated expansion before the end of that period.
4 The magnetic field as quintessence
Radiation
Let us now consider the radiation dominated era. When w = 1 3 , Eq. (7) becomes
with ρ ∝ a −4 and c 2 a = constant. Thus, in the radiation domain the magneto-curvature term in Eq. (7) is no longer constant but decreases as a −2 , slower than the ordinary matter term. During this period, the combined magneto-geometrical effects resemble those attributed to a time-decaying quintessence [11] . Assuming that Ω is the density parameter of the radiation component and using expression (1), Eq. (13) gives
This means that the expansion goes through an accelerated phase provided that the field satisfies the condition
Clearly, magnetic fields of such strength are forbidden during nucleosynthesis by Helium-4 observations [12] . However, relatively strong fields are not a priori excluded earlier in the radiation era, provided their energy has been sufficiently dissipated by the time the element production starts. Neutrino damping offers an example of such an efficient dissipative mechanism [13] . As with stiff matter before, it is not necessary for the magneto-curvature term to dominate the right hand side of (13) at the beginning of the radiation era. This may happen later, given that (c 2 a /a 2 )/ρ ∝ a 2 during this period. Note that the depleting effects of the adiabatic expansion on the field's strength are identical to those on the radiative fluid (i.e. B 2 /ρ = constant). Assuming that t 0 is some time in the radiation epoch and setting z 0 = 0 at t 0 for simplicity, we find that universal acceleration commences at redshift
This lies within the radiation domain when condition (15) holds at t 0 .
Dust
For dust, w = 0 and Eq. (7) reads
where ρ ∝ a −3 and c 2 a ∝ a −1 . Here the magneto-curvature term decreases as a −3 , that is it drops as fast as the fluid term in the same equation. As with radiation, the field acts as an effective time-decaying quintessence through its coupling to the background geometry. Similarly to the cases of stiff matter and radiation discussed before, Eq. (17) gives
which leads to accelerated expansion if
Unlike the two previous cases, however, the magneto-curvature term must dominate the righthand side of Eq. (18) right at the start of the dust era for the accelerated phase to occur. As in the two previous cases, a marginally closed dust dominated universe requires a very strong magnetic field to enter an accelerated phase. On the other hand, when Ω/ (Ω − 1) ∼ 1, a field with energy density a fraction of that of the dominant non-relativistic matter (i.e. c 2 a ∼ 3/4) could trigger accelerated expansion. Such fields are, of course, well beyond the limits set by current CMB anisotropy observations and Faraday rotation measurements [14] . Nevertheless, even weak fields could slightly accelerate the expansion, thus making a magnetised closed FRW universe look less closed.
When the background is spatially open (i.e. k = −1), the aforementioned magneto-curvature effects remain the same apart from their sign. The field still acts as an effective (negative) cosmological constant during a stiff matter epoch and mimics a time-decaying (anti)quintessence throughout the radiation and the dust eras. This time, however, the magneto-curvature effects on the expansion are complementary to those of the ordinary matter. According to Eq. (7), when k = −1, the magnetic presence adds to the deceleration caused by the matter component. As a result, a magnetised open almost-FRW universe looks less open than it would have seemed in the absence of the field. Clearly, the effectiveness of the magnetic impact depends on the field's strength relative to the matter component.
So far we have restricted ourselves to magnetised cosmologies filled with ordinary matter (i.e. we have assumed that 0 ≤ w ≤ 1). In these environments the magneto-curvature effects, subtle thought they may be, are secondary unless the field is relatively strong. In the face of current observations this seems rather unlikely, although strong fields during the early stages of the universe cannot be a priori excluded. However, a strong magnetic field is not always necessary for the magneto-curvature effect to be significant. As we shall see next, under certain circumstances, even weak fields can leave a strong imprint.
Strong effects from weak magnetic fields
In addition to the subtlety of its effects, the interaction between magnetism and geometry may also challenge the widespread perception that magnetic fields are relatively unimportant for cosmology. This belief is based on current observations, which point towards a relatively weak magnetic presence at nucleosynthesis and decoupling. However, the magneto-curvature coupling could make the field into a key player irrespective of the magnetic strength. Indeed, even weak magnetic fields can lead to appreciable effects, provided that there is a strong curvature contribution. To illustrate how this may happen, we turn to spatially open cosmological models containing 'matter' with negative pressure (i.e. −1 ≤ w ≤ 0). For k = −1, Eq. (7) becomes
where we have set Λ = 0. Here, the magneto-curvature term evolves as c 2 a /a 2 ∝ a −3(1−w) and the matter term obeys the standard evolution low ρ ∝ a −3(1+w) . Thus, (c 2 a /a 2 )/ρ ∝ a 6w , which means that the magneto-geometrical effects dominate the right hand side of Eq. (20) at sufficiently early times if w < 0. Note that the Alfvén speed, which measures the relative strength of the field, behaves as c 2 a ∝ a −1+3w . Thus, as we go back in time, the ratio (c 2 a /a 2 )/ρ grows faster than the Alfvén speed provided that w < − 1 3 . In other words, when −1 < w < − 1 3 , the magneto-geometrical effects can dominate the dynamics of the early expansion while the field is still relatively weak. Note that when w = − 1 3 , −1, the magneto-curvature term dominates the right-hand side of Eq. (20) at all times, no matter how weak the field is or how strongly the background space is curved. In all these cases, the phase of accelerated expansion, which otherwise would have been inevitable, may not happen. This is an interesting possibility that puts a question mark on the efficiency of inflationary models in the presence of primordial magnetism. Recall that an initial curvature era was never considered as a problem for inflation, given the smoothing power of the accelerated expansion. However, this may not be the case when a magnetic field is present, no matter how weak the latter is.
Discussion
Despite their established widespread presence, research on cosmological magnetic fields remains rather marginal. The reasons could be the perceived weakness of the field effects or the lack, as yet, of a consistent theory explaining the origin of cosmic magnetism. The fact that magnetic fields complicate further the picture of the early universe may have something to do with that too. However, magnetic fields have been observed everywhere where modern technology has made their detection possible. Thus, we feel justified to argue that a magnetic-free picture of the early universe is not a complete picture. Moreover, we believe that the potential of some unique magnetic characteristics, such as their vectorial nature and tension properties, has not been fully appreciated. The magneto-geometrical effects outlined here, offer an example of how unexpected the impact of these properties might be.
These simple examples demonstrate the interesting implications the coupling between magnetism and geometry might have for the evolution of the universe. We have illustrated how, depending on the circumstances, the magneto-curvature effects can mimic those of a positive cosmological constant, or those attributed to a time-decaying quintessence. In particular, the magnetic presence can modify the average expansion rate of a slightly inhomogeneous and anisotropic FRW universe. For a spatially closed background, the overall magnetic impact varies from weakly opposing deceleration to accelerated expansion depending on the field's strength. The stronger the field is the more dramatic the effect becomes. On the other hand, when the background is open the magnetic contribution to the expansion is complementary to that of ordinary matter and less interesting. Even in this case, however, the field plays a subtle role. The magnetic presence makes a spatially open FRW universe look less open than it would have seemed if the field were absent. Thus, an observer who has not taken the magnetic field into account, will see the universe expanding slower than expected. How much slower, will depend on the strength of the magneto-curvature term in Eq. (7).
Finally, a further interesting point is that even a weak magnetic field can become, through its coupling to geometry, a key player in the evolution of the universe. Provided that the curvature is strong, the mere presence of a magnetic field could lead to effects that could alter the picture of the universe in unexpected ways. In our example, a spatially open universe dominated by matter with negative pressure, may not enter the accelerated inflationary phase if a magnetic field is present. Interestingly enough, this magneto-curvature effect can be triggered by arbitrarily weak fields. In this case the magnetic strength is not an issue. Once the vectorial nature of the field has brought geometry into play, the overall magnetic impact no longer depends on the field alone. Under certain circumstances, it is the mere presence of the magnetic field that is important and not its relative strength.
